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A Lie ring is an additive abelian group with a multiplication, denoted by \[., .\], that is bilinear, alternating and satisfies the Jacobi identity. A Lie *p*-ring is a nilpotent Lie ring with $\documentclass[12pt]{minimal}
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A symbolic Lie *p*-ring describes a family of finite Lie *p*-rings: for each $\documentclass[12pt]{minimal}
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Example 1 {#FPar1}
---------
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The LiePRing package allows symbolic computations with symbolic Lie *p*-rings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal L$$\end{document}$. "Symbolic computations" means that it computes with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal L$$\end{document}$ as if computing with all Lie *p*-rings *L* in the family defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal L$$\end{document}$ simultaneously. For example, it allows usto compute series of ideals such as the lower central series of *L*,to describe the automorphism group of *L*, andto determine the Schur multiplier of *L*, see \[[@CR3]\].
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The following sections give a brief overview of some of the algorithms in the LiePRing package and they exhibit how the Lazard correspondence can be evaluated in GAP in this setting.

Elementary Computations {#Sec2}
=======================

In this section we investigate computations with elements, subrings and ideals. Throughout, let $\documentclass[12pt]{minimal}
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Ring Invariants {#Sec3}
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### Example 2 {#FPar2}

We continue Example [1](#FPar1){ref-type="sec"}.
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Subrings, Ideals and Series {#Sec5}
---------------------------
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                \begin{document}$$v_1, \ldots , v_l$$\end{document}$ with coefficients in *Quot*(*R*). This may require the distinction of finitely many cases, as the following example indicates.

### Example 3 {#FPar3}

We continue Example [1](#FPar1){ref-type="sec"}.
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Ideals are subrings that are closed under multiplication and hence they can also be described via echelon generating sets (subject to a case distinction). In turn, this then allows us to determine series such as the lower central series and the derived series of $\documentclass[12pt]{minimal}
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Here the LiePRing package returns two new symbolic Lie *p*-rings *S*\[1\] and *S*\[2\]. These have different ring invariants and different bases:
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Automorphism Groups {#Sec6}
===================
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Example 4 {#FPar4}
---------

We continue Example [1](#FPar1){ref-type="sec"}.
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Given a finite Lie *p*-ring *L* with prime *P*, we define its radical *R*(*L*) as the ideal of *L* generated by $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar5}
-------

Let *L* be a finite Lie *p*-ring and let $\documentclass[12pt]{minimal}
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*R*(*L*) is the intersection of all maximal Lie subrings of *L*.Each minimal generating set of *L* has *d* elements and maps under $\documentclass[12pt]{minimal}
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Next, let *P*(*A*) be the presentation for the finite Lie *p*-ring *L* with generators $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar8}
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Example 5 {#FPar10}
---------

We continue Example [1](#FPar1){ref-type="sec"} for a specific prime *P*.
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More generally, in every case of Lie *p*-rings from our database that we have examined, we can show that if *B* is an integer matrix which gives an automorphism of *L* for some prime *P*, and if *k* is any positive integer, then *B* can be "lifted" to an integer matrix $\documentclass[12pt]{minimal}
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We do not have a proof that our method always finds the full automorphism group. But there are several general criteria (such as the radical having characteristic *P*) which imply that our method does not miss any automorphisms. So in most cases our program is able to issue a "certificate of correctness". In some cases it may be necessary to examine the output from our program to prove that it has found the full automorphism group.

Example 6 {#FPar11}
---------

We consider the symbolic Lie *p*-ring $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal L$$\end{document}$ on 7 generators with the non-trivial relations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}{}[b_2,b_1] = b_3, \;\;\;\;\;\;\;&\;\;\; p b_1 = b_5 + x b_7, \\ [b_3,b_1] = b_4, \;\;\;\;\;\;\;&\;\;\; p b_2 = w^2 b_6 + y b_7, \\ [b_3,b_2] = b_5, \;\;\;\;\;\;\;&\;\;\; p b_3 = w^2 b_7. \\ [b_4,b_1] = b_6, \;\;\;\;\;\;\;&\\ [b_5,b_2] = -w^2 b_7,&\\ [b_6,b_1] = b_7, \;\;\;\;\;\;\;&\\ \end{aligned}$$\end{document}$$Then $\documentclass[12pt]{minimal}
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                \begin{document}$$R(\mathcal L) = \langle b_3, \ldots , b_7 \rangle $$\end{document}$ and each Lie *p*-ring *L* in the family of $\documentclass[12pt]{minimal}
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                \begin{document}$$ g_1 = g_{11} b_1 + \ldots + g_{17} b_7 \;\;\; \text{ and } \;\;\; g_2 = g_{21} b_1 + \ldots + g_{27} b_7. $$\end{document}$$Next, we write $\documentclass[12pt]{minimal}
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                \begin{document}$$b_3, \ldots , b_7$$\end{document}$ as words in $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ b_1, b_2 \}$$\end{document}$. It can be read off from the defining relations that $\documentclass[12pt]{minimal}
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                \begin{document}$$b_3 = [b_2, b_1], b_4 = [b_3, b_1], b_5 = [b_3, b_2], b_6 = [b_4, b_1], b_7 = [b_6, b_1]$$\end{document}$. Using this, we expand the mapping defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$\{g_{rs}\}$$\end{document}$ to the remaining generators $\documentclass[12pt]{minimal}
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                \begin{document}$$b_3, \ldots , b_7$$\end{document}$. For example, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&g_3 = [g_2, g_1] \\&=\,(g_{11} g_{22} - g_{12} g_{21}) b_3 + (g_{11} g_{23} - g_{13} g_{21}) b_4 + (g_{12} g_{23} - g_{13} g_{22}) b_5 \\&+\,(g_{11} g_{24} - g_{14} g_{21}) b_6 + (-g_{12}g_{25}w^2+g_{15}g_{22}w^2\,+\,g_{11}g_{26}-g_{16}g_{21}) b_7. \end{aligned}$$\end{document}$$We now evaluate the defining relations of $\documentclass[12pt]{minimal}
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                \begin{document}$$g_1, \ldots , g_n$$\end{document}$. For example $\documentclass[12pt]{minimal}
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                \begin{document}$$p b_1 = b_5 + x b_7$$\end{document}$ evaluates to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p g_1 - g_5 - x g_7= & {} 0 b_1 + 0 b_2 + 0 b_3 \\&+\,(-g_{11} g_{21} g_{22} +g_{12} g_{21}^2) b_4 \\&+\,(-g_{11} g_{22}^2+g_{12} g_{21} g_{22}+g_{11}) b_5 \\&+\,(-g_{11} g_{21} g_{23}+g_{12} w^2+g_{13} g_{21}^2) b_6 \\&+\,(-g_{11}^4 g_{22} x+g_{11}^3 g_{12} g_{21} x+g_{12} g_{22}g_{23} w^2 -g_{13} g_{22}^2 w^2 -g_{11} g_{21} g_{24} \\&\;\;\;\,+\,g_{13} w^2 +g_{14} g_{21}^2+g_{11} x+g_{12} y) b_7 \end{aligned}$$\end{document}$$Note that the coefficient of $\documentclass[12pt]{minimal}
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                \begin{document}$$ \overline{R}_i=w_{i4}b_4+\ldots +w_{i7}b_{7}=0, $$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$b_4,b_5,b_6,b_7$$\end{document}$ all have order *p*. So we obtain an automorphism at the prime *P* if and only if $\documentclass[12pt]{minimal}
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Now let *L* be a finite Lie *p*-ring in the family defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal L$$\end{document}$ and let *P* be its prime. If the integer coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{rs}$$\end{document}$ define an automorphism of *L*, then *det*(*G*) is coprime to *P*. Hence, examining the coefficient of $\documentclass[12pt]{minimal}
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                \begin{document}$$ -g_{11} g_{21} g_{22} +g_{12} g_{21}^2 = -g_{21} det(G) \equiv 0 \bmod P $$\end{document}$$is equivalent to $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{21} \equiv 0 \bmod P$$\end{document}$. In turn, this can now be used to simplify the remaining coefficients. Using $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{21} \equiv 0 \bmod P$$\end{document}$ now yields$$\documentclass[12pt]{minimal}
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                \begin{document}$$ -g_{11} g_{22}^2+g_{12} g_{21} g_{22}+g_{11} = -g_{11} g_{22}^2+g_{11} = -g_{11} (g_{22}^2 - 1) $$\end{document}$$As $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{21} \equiv 0 \bmod P$$\end{document}$, it follows that $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{11}$$\end{document}$ is coprime to *P* and $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{22}^2 = 1 \bmod P$$\end{document}$. We now iterate this approach. Introducing another indeterminate *D* with $\documentclass[12pt]{minimal}
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                \begin{document}$$D det(G) \equiv 1 \bmod P$$\end{document}$ we finally obtain that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&g_{21}, g_{12}, x(g_{22}-1), g_{22}^2-1, y(g_{11}-1), y(D -g_{22}), D g_{22}-g_{11}^2, \\&D g_{11}-g_{22}, D^2-g_{11}, x(g_{11}^2-D), g_{11}^2 g_{22}-D, g_{11}^3-1 \end{aligned}$$\end{document}$$evaluate to 0 modulo *P*. We use this to eliminate indeterminates in the descriptions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (D-1)xy, (D^2-1)y, (D^3-1)x, D^6-1 \end{aligned}$$\end{document}$$must evaluate to $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \bmod P$$\end{document}$. This is the resulting description of the automorphism groups of the Lie *p*-rings *L* in the family defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in \{1, 2, 3, 6\}$$\end{document}$. The precise value of *k* depends on the two parameters *x*, *y*. When $\documentclass[12pt]{minimal}
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The Lazard Correspondence {#Sec7}
=========================

The final example of this abstract illustrates how the Lazard correspondent *G*(*L*) to a finite Lie *p*-ring *L* can be determined using the LieRing package \[[@CR1]\].
